Abstract. Matrix population models have become standard tools for the demographic analysis of age-or stage-structured populations. Although age-classified (Leslie) matrix models make maximum use of age-specific demographic data, age at first reproduction, which has been suggested to be an important life-history variable, does not appear as an explicit parameter in these models. Consequently, the sensitivity of population growth rate to changes in age at first reproduction cannot be calculated using standard techniques. Agespecific demographic data to parameterize age-structured models are difficult to collect, and models that can be parameterized with partial demographic data (''partial life-cycle models'') have been developed. Partial life-cycle models are based on life-history stages, and these models can also be used to calculate sensitivity of population growth rate to changes in various life-history variables, including ages at first and last reproduction. Here, we present a partial life-cycle model appropriate for situations where demographic data are collected immediately after the birth pulse (post-breeding census). We present methods of parameterizing the partial life-cycle model, and derive formulas for calculating the sensitivity of the population growth rate to changes in model parameters, including ages at first and last reproduction. We analyzed life-table data for several species of mammals using the partial life-cycle model and found that results of our partial life-cycle model compare favorably with those obtained from the corresponding age-classified models.
INTRODUCTION
Matrix population models have become standard tools for the study of life history and population dynamics of age-or stage-structured populations (Caswell 1989a , Slade 1990 , Tuljapurkar and Caswell 1997 , van Tienderen 2000 . These models have been abundantly used in the study of population dynamics, life-history evolution, conservation biology, and wildlife management (Caswell 1989a , Tuljapurkar and Caswell 1997 , de Kroon et al. 2000 , Heppell et al. 2000 . For agestructured populations, variations of the age-classified Leslie matrix model (Leslie 1945 (Leslie , 1948 have become standard tools for demographic analyses. Parameterization of the Leslie matrix model and its variations require data on age-specific survival and reproduction, commonly summarized in a life table. Although ageclassified models make full use of age-specific demographic data, collection of data to parameterize these models is difficult, especially for long-lived organisms for which few complete life tables are available with which to parameterize age-classified matrix models.
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3 Present address: Department of Wildlife Ecology and Conservation, 303 Newins-Ziegler Hall, University of Florida, Gainesville, Florida 32611 USA. E-mail: olim@wec.ufl.edu Theoretical (Cole 1954 , Lewontin 1965 , Oli and Dobson 1999 as well as empirical (Levin et al. 1996) studies have suggested that age at first reproduction is an important life-history variable. However, age at first reproduction does not appear as an explicit variable in the age-classified matrix models, and the sensitivity of population growth rate to changes in this important variable cannot be quantified using standard techniques (Levin et al. 1996) . Models that can be parameterized with partial demographic data have been developed as an alternative to age-classified models (Cole 1954 , Lande 1988 , Caswell 1989a , Slade et al. 1998 . We refer to such models as ''partial life-cycle models,'' because they generally are based on stage-based life cycles (e.g., juvenile and adult stages), and can be parameterized with partial demographic data. Age at maturity and age at last reproduction appear explicitly as model parameters in partial life-cycle models, and the sensitivity of population growth rate to changes in these parameters can be estimated directly.
Working from Lotka's (1924 ) equation, Cole (1954 derived a model for two-stage (juvenile and adult stages) life cycles, and used this model (hereafter ' 'Cole's model'') to investigate the potential influences of changes in reproductive strategies. Although Cole's model may be appropriate for heuristic purposes, this model does not provide an estimate of realizable population growth rate because it assumes no mortality PARTIAL DEMOGRAPHIC ANALYSIS prior to age at last reproduction (Heyssen 1984 , Slade et al. 1998 . Caswell (1989a) and Slade et al. (1998) relaxed Cole's assumption of no mortality, and independently derived models for two-stage life cycles. The models of Caswell (1989a) and Slade et al. (1998) are analogous; we refer to this model as the ''Caswell-Slade model.'' The Caswell-Slade model can be used for demographic analyses when estimates of ages at first and last reproduction, juvenile survival, adult survival, and fertility are available. Because variables such as age at first reproduction and age at last reproduction explicitly appear in this model, it can also be used for calculating the sensitivity of population growth rate to changes in these life-history variables.
Cole's model is a special case of the Caswell-Slade model in which no mortality occurs until the age at last reproduction (Caswell 1989a , Slade et al. 1998 ). Another special case of the Caswell-Slade model ignores age at last reproduction, and assumes that organisms in the reproductive age class survive and reproduce indefinitely (Caswell 1989a , Lande 1988 hereafter ''Caswell-Lande model'') . Although the CaswellLande model is useful when age at last reproduction cannot be estimated, the Caswell-Slade model is preferable to the Caswell-Lande model when estimates of age at last reproduction are available.
Age-or stage-classified matrix population models usually are parameterized from age-or stage-specific demographic data, commonly summarized in life tables. Ambiguity in the estimation of parameters for matrix models from life-table data has been the source of much confusion (Caughley 1977) . Caswell (1989a) corrected this confusion, and presented rigorous methods for estimating matrix parameters from life-table data. In birth-pulse populations, demographic data are collected either just before (pre-breeding census) or just after (post-breeding census) the birth pulse; one must consider when the data are collected relative to the actual birth event when estimating parameters for matrix models (Caughley 1977 , Caswell 1989a . If data are collected immediately before the birth pulse, organisms are nearly one time unit old when they are counted for the first time. Thus, survival rate from birth until one time unit of age is unknown, and does not appear as an explicit model parameter. If data are collected immediately after the birth pulse, however, animals are counted soon after they are born. In this case, survival of neonates until one time unit of age appears as a model parameter. A census is assumed to be taken immediately after the birth pulse, and not all adults counted in this census survive to reproduce in the next birth pulse. Thus, the mortality of adults from a census to the next birth pulse must be considered when fertility rates are estimated. Because of these differences, matrix parameters are estimated differently for pre-and post-breeding census data. Formulas for estimating matrix parameters from life-table data for pre-and postbreeding censuses, along with justification for different formulations, are given in Caswell (1989a) .
Confronted with a situation that required analysis of partial demographic data collected from post-breeding censuses, we found that the Caswell-Slade model is appropriate only for the analysis of pre-breeding census data. When matrix parameters are estimated using prebreeding census formulation, survival rate from birth until one time unit of age does not appear as a parameter in the pre-breeding census model, as discussed above (Caswell 1989a) . Consequently, the sensitivity of population growth rate to changes in juvenile survival is zero when animals in the first age class have non-zero fertility (Appendix A). Many annually breeding mammals reproduce as yearlings (e.g., Slade and Balph 1974 , Sherman and Morton 1984 , Zammuto 1987 , Luo and Fox 1990 , Cully 1997 . Neonates must survive until they reproduce, and the rate at which they survive until reproduction is achieved is, by definition, juvenile survival. Population growth rate does change in response to changes in juvenile survival regardless of when reproduction begins. Thus, the Caswell-Slade model, although perfectly suitable for analyzing prebreeding census data, is not appropriate for analyzing post-breeding census data. To our knowledge, partial life-cycle models specifically formulated for postbreeding census data have not been published.
In this paper, we develop a partial life-cycle model appropriate for post-breeding census data, present methods for parameterizing the model, and derive formulas for calculating the sensitivity of population growth rate to changes in model parameters. We show that dynamical properties of the age-classified model are retained in our partial life-cycle model when parameters are estimated appropriately.
THE MODEL
Consider a birth-pulse population in which organisms reproduce at discrete time t, t ϭ 0, 1, 2, . . . , k. Assume that the population is censused just after the birth pulse so that mortality of neonates from birth to the census is negligible. Let ␣ be the age at first reproduction, be the age at last reproduction, and ␤ be the maximum longevity. Organisms of age x belong to age class i (i ϭ 1, 2, . . .
, F be fertility (sensu Caswell 1989a) of organisms belonging to age class ␣, ␣ ϩ 1, . . . , Ϫ 1, , respectively. Notice that organisms belonging to age-class i do not reproduce if i Ͻ ␣ or i Ͼ , and fertility for these age classes is zero. We assume that age-specific fertilities F i are non-zero for ␣ Յ i Յ . Organisms belonging to age class i survive with agespecific survival probability P i . This type of life cycle can be graphically represented as an age-classified lifecycle diagram (also known as ''life-cycle graph'') ( Fig.  1) , from which a transition matrix can be derived: Ecology, Vol. 82, No. 4 FIG. 1. An age-classified life-cycle diagram. Reproduction begins at age ␣ (age at first reproduction) and terminates at age (age at last reproduction), but organisms may survive even after reproduction ceases until age ␤ (maximum longevity). F ␣ , F ␣ϩ1 , . . . , F Ϫ1 , F are age-specific fertility rates, and P i (i ϭ 1, 2, . . . , ␣, ␣ ϩ 1, . . . , , ϩ 1, . . . , ␤) are age-specific survival probabilities. Dotted lines indicate multiple transitions.
FIG. 2.
A partial life-cycle diagram for ␣ ϭ 2, ϭ 4, and ␤ ϭ 6. In a partial life-cycle diagram, age-specific fertilities (F i ) are approximated by a parameter F (age-independent fertility rate), age-specific survival probabilities until age at first reproduction by a parameter P j (where ''j'' stands for juvenile), and age-specific survival probabilities for age classes greater than ␣ by a parameter P a (''a'' stands for adult).
in this case, omission of age classes greater than will not influence the long-term (asymptotic) dynamics of the population. F i (i ϭ 1, 2, . . . , ) and P i (i ϭ 1, 2, . . . , ␤ Ϫ 1) are estimated from life-table data using post-breeding census formulation of Caswell (1989a) :
where l i is the survivorship (probability at birth of surviving to age i), and m i is the fecundity (the average number of daughters born to a female of age i). It is important to realize that l i and m i are life-table parameters, and P i and F i are matrix parameters; these may not be used interchangeably. Construction and analysis of age-classified matrix models are discussed in detail by Caswell (1989a Caswell ( , 1997 and will not be considered further. Our goal here is to construct a model appropriate for post-breeding census situations that can be parameterized with partial demographic data, and in which age at first reproduction (␣) and age at last reproduction () appear explicitly as model parameters.
We assume that the age-specific fertilities F ␣ , F ␣ϩ1 , . . . , F Ϫ1 , F can be adequately approximated by a parameter F , the age-independent fertility rate. We also assume that age-specific survival probabilities until the first birth event (juvenile or pre-reproductive survival probabilities) P 1 , P 2 , . . . , P ␣ can be adequately approximated by a parameter P j , and age-specific adult survival rates P ␣ϩ1 , . . . , P Ϫ1 by a parameter P a . Agespecific parameters in Fig. 1 can be replaced by these approximations, and the result is a partial life-cycle diagram (Fig. 2) . The transition matrix corresponding to the partial life-cycle diagram is then the matrix where the fertilities, juvenile survival probabilities, and adult survival probabilities in the age-classified matrix A have been replaced by their approximations F , P j , and P a , respectively. For instance, in the special case where ␣ ϭ 2, ϭ 4, and ␤ ϭ 6 we havē¯
Although omission of age classes beyond will not influence the long-term dynamics of the population, it is necessary to retain all age classes in Ã for studying the short-term dynamics of the population. The characteristic equation for the life cycle of the type shown in Fig. 2 and the corresponding transition matrix Ã is obtained by setting the determinant of the matrix Ã Ϫ I to zero, where Ã is the transition matrix corresponding to a partial life-cycle diagram and I is the identity matrix. The general characteristic equation is:
By dividing both sides by ␤ and rearranging, one obtains:
Using the geometric series, Eq. 6 can be written as:
Multiplying both sides by and rearranging
The asymptotic population growth rate is the largest real root of Eq. 8 and can be obtained numerically. Equivalently, can be calculated as the dominant eigenvalue of the transition matrix Ã . The sensitivity of to small changes in a demographic parameter p is quantified by the partial derivative of with respect to p ‫,)‪p‬ץ/ץ(‬ and can be calculated by implicit differentiation of Eq. 8. Formulas for the calculation of the sensitivity of to changes in demographic variables are given in Appendix B. The elasticity or proportional sensitivity of to changes in p can be calculated as ( ) ( ) (de Kroon et al. ‫‪p‬ץ/ץ‬ p/ 1986 , 2000 , Caswell 1989a ). The elasticity of to changes F , P j , and P a sum to unity (de Kroon et al. 1986 , Mesterton-Gibbons 1993 . Notice that the elasticity and sensitivity of to changes in ␣ will always be negative, and those for all other variables will be positive. This is because an increase in age at which reproduction begins causes a decrease in the population growth rate, and an increase in all other demographic variables causes an increase in the population growth rate.
Alternatively, the sensitivity of to changes in P j , P a , and F can be obtained by constructing a transition matrix corresponding to a partial life-cycle diagram, which can then be analyzed to obtain a sensitivity matrix (Caswell 1989a (Caswell , 1996 (Caswell , 1997 . From the sensitivity matrix, the sensitivity of to changes in model parameters can be calculated as follows:
where m is the first row of the sensitivity matrix, and n is a vector consisting of the lower sub-diagonal elements of the sensitivity matrix. Sensitivities of to changes in F , P j , and P a calculated using Eqs. 9-11 will be identical to those calculated from the equations in Appendix B. The proportional sensitivity (i.e., elasticity) of to changes in F , P j , and P a can be calculated similarly from the elasticity matrix. Neither elasticity nor sensitivity of to changes in ␣ and can be computed using this approach; equations in Appendix B can be used for these purposes.
PARAMETER ESTIMATION
The model presented here can be used when juvenile survival, adult survival, fertility, age at first reproduction, and age at last reproduction can be estimated. Data required to estimate these parameters can be collected much more easily than those required to estimate a complete set of age-specific demographic rates.
When only incomplete demographic data are available, one has no choice but to use the the available data. In many situations, however, researchers or natural-resource managers may need to use a partial lifecycle model even when age-specific demographic data are available. For example, sensitivity of (the asymptotic population growth rate) to changes in ␣ (age at first reproduction) and (age at last reproduction) cannot be calculated using the age-classified matrix model, and researchers may need to use a partial lifecycle model for this purpose. Similarly, the calculation of life-table response experiment contributions of ␣ and (Caswell 1989a, b) requires the use of a partial lifecycle model even when age-specific demographic data are available (Levin et al. 1996) . When age-specific demographic data are available, parameters for partial life-cycle models should be estimated from the life table or the age-classified Leslie matrix so that dynamical properties of the original age-classified model are re-tained as much as possible. A detailed description of methods for the construction and analysis of age-classified models is provided by Caswell (1989a) . Here, we assume that an age-classified matrix model has been parameterized using the post-breeding census formulation of Caswell (1989a) , and present methods of estimating parameters for the partial life-cycle model from an age-classified Leslie matrix.
As noted, ␣ and are the age at first reproduction and age at last reproduction, respectively, and can be read directly off a life table. In an age-classified Leslie matrix, ␣ and correspond to the first and last age class with non-zero fertility, respectively. Statistical estimation of ␣ and , therefore, is not necessary.
We would like to approximate the age-specific fertilities F ␣ , F ␣ϩ1 , . . . , F Ϫ1 , F by F , the age-specific survival probabilities P 1 , . . . , P ␣ by P j , and the agespecific adult survival rates P ␣ϩ1 , . . . , P Ϫ1 by P a such that the dominant eigenvalue and the corresponding right eigenvector ẽ of matrix Ã are approximately equal to the dominant eigenvalue and corresponding right eigenvector e of the age-classified matrix A, i.e., and e ഠ ẽ. Then,˜ ഠ Ae ഠ Aẽ ϭ ẽ ഠ e ϭ Ae. Thus, Ã e ഠ Ae, which is equivalent to:
a
If F , P j , and P a are chosen such that ẽ ϭ e and ϭ then F , P j , and P a are uniquely determined by the , right-hand side of Eqs. 12-14. Since the right eigenvector of an age-classified transition matrix can be interpreted as the stable age distribution vector (Caswell 1989a (Caswell , 1997 , Eqs. 12-14 are equivalent to weighted averages, weighted according to the contribution of each age class to the stable age distribution. The extent to which results of the partial life-cycle model agree with those obtained from a corresponding age-classified model reflects how good the approximations (Eqs. 12-14) are. Note that results obtained from the two approaches are identical if it is possible to choose Ã (or, equivalently, F , P j , and P a ) such that and ẽ ϭ ϭ e. Thus, the accuracy of the results of the partial life-cycle analysis relies heavily on the adequacy of methods used to estimate the model parameters. We have found that results of the partial life-cycle model closely resemble those obtained from corresponding age-classified matrix models if parameters for partial life-cycle models are estimated using Eqs. 12-14 (Table 1; see Examples, below).
A CASE OF FRACTIONAL ␣ AND
The derivation of our model (Eq. 8) was based on the assumption that ␣ and are integers. However, researchers may encounter situations where ␣ (age at first reproduction) and (age at last reproduction) have fractional values (e.g., average ages at first and last reproduction), and the use of Eq. 8 to analyze such data may not be appropriate. In this section, we extend the partial life-cycle model of Eq. 8 so that the resulting model will allow non-integer values of ␣ and .
Consider a birth-pulse population of the type represented in Fig. 2 and Eq. 4, but assume that the onset of reproduction is spread over several age classes. Let X i be the proportion of organisms in age class i that become primiparous before they advance to the next age class. Similarly, let Y i be the proportion of organisms in age class i that reproduces in age class i but not beyond. Then, the average age at which reproduction begins (␣) is given by:
and the average ␣ ϭ ⌺ iX , i i age at last reproduction () is given by:
Although the onset and termination of reproduction may occur over several age classes, for the sake of simplicity we only consider the situation where onset and termination of reproduction is spread over two age classes. Specifically, we consider the case where
where ␣ 0 is the earliest age class in which one or more organisms begin reproduction, and 0 Յ X Ͻ 1, and
where 0 is the earliest age class in which reproduction is terminated in one or more organisms, and 0 Յ Y Ͻ 1. Then, the average age at which reproduction begins (␣) is given by: ␣ ϭ ␣ 0 (1 Ϫ X ) ϩ (␣ 0 ϩ 1)X ϭ ␣ 0 ϩ X. Likewise, the average age at last reproduction () is given by: ϭ 0 ϩ Y. As defined earlier, P j and P a are juvenile and adult survival probabilities, respectively, and F is the average fertility rate. Although the earliest age class at which reproduction begins is ␣ 0 , only the fraction (1 Ϫ X) of organisms becomes primiparous and, thus, fertility for that age class is (1 Ϫ X)F . Likewise, reproduction is terminated in the fraction (1 Ϫ Y) of organisms in age class 0 , and fertility rate for the Knight and Eberhardt (1985) Notes: Values of demographic variables used to parameterize the partial life-cycle model also are given. For all life tables, (age at last reproduction) and ␤ (the maximum longevity) were assumed to be equal. Demographic variables are: ␣ ϭ age at first reproduction, ϭ age at last reproduction, P j ϭ juvenile survival rate, P a ϭ adult survival rate, and F ϭ ageindependent mean fertility rate.
† For the age-classified models, ␣ and do not appear; parameters are age-specific.
age class ( 0 ϩ 1) is YF . Because the age class (␣ 0 ϩ 1) consists of both nulliparous and primiparous organisms, the survival rate for that age class is [XP j ϩ (1 Ϫ X)P a ]. These changes can now be incorporated into a partial life cycle graph, from which a corresponding transition matrix can be derived. As an example, consider the transition matrix Ã corresponding to a partial life cycle with ␣ 0 ϭ 2, 0 Յ X Ͻ 1, 0 ϭ 4, and 0 Յ Y Ͻ 1:
Note that the definition of Ã in Eq. 4 is analogous to the previous definition when X, Y ∈ {0, 1}. In particular, the matrix Ã in Eq. 15 is identical to that in Eq. 4 when X ϭ 0 and Y ϭ 0 (age classes beyond ignored). The characteristic equation for a transition matrix of the kind in Eq. 15 can be written as
Applying the steps used to derive Eq. 8 and rearranging, one obtains: Ecology, Vol. 82, No. 4 FIG. 3 . The sensitivity of population growth rate, , to changes in age at first and last reproduction. Sensitivities were calculated through implicit differentiation of Eq. 8 and Eq. 17; P j ϭ age-specific survival probability, P a ϭ age-specific adult survival rate, and F ϭ age-independent fertility rate. (A) The sensitivity of to changes in age at first reproduction ␣; ‫.)␣ץ/ץ‬ Values of the parameters were: P j ϭ 0.75, P a ϭ 0.85, F ϭ 0.9, 0 ϭ 40, and Y ϭ 0; (B) Sensitivity of to changes in age at last reproduction (; ‫.)ץ/ץ‬ Values of the parameters were: P j ϭ 0.75; P a ϭ 0.85; F ϭ 0.9; ␣ 0 ϭ 2, and X ϭ 0. Notice the piecewise continuity of the sensitivity of to changes in ␣ and calculated through implicit differentiation of Eq. 17.
Notice that when X ϭ 0 and Y ϭ 0, ␣ 0 ϭ ␣ and 0 ϭ , and Eq. 17 is identical to Eq. 8. Denote the left-hand side of Eq. 17 by G(␣ 0 , 0 , X, Y, P j , P a , F , ). Then, the asymptotic population growth rate is the largest real root of G(␣ 0 , 0 , X, Y, P j , P a , F , ). Alternatively, can be calculated as the dominant eigenvalue of the appropriate matrix Ã ; an example of Ã for ␣ 0 ϭ 2 and 0 ϭ 4 is given in Eq. 15. Sensitivity of to changes in P j , P a and F are obtained through implicit differentiation of Eq. 17 as described earlier.
Here, we consider the sensitivity and elasticity of to changes in average ages at first and last reproduction, ␣ and , respectively. Using implicit differentiation of Eq. 17, we find that
and therefore
The elasticity of to changes in ␣ is then
‫␣ץ‬

‫ץ‬X ‫ץ‬
Similarly, sensitivity and elasticity of to changes in are found to be
‫ץ‬
‫ץ‬Y ‫ץ‬
Due to the piecewise definition of ␣ in terms of ␣ 0 and X, sensitivity and elasticity of to changes in ␣ as defined above also are piecewise continuous (Fig. 3A) . The discontinuities are located at ␣ ϭ 1, 2, . . . . Likewise, sensitivity and elasticity of to changes in are piecewise continuous (Fig. 3B) , with discontinuities located at ϭ 1, 2, . . . . However, forward and backward derivatives of with respect to ␣ and are well defined everywhere. The elasticities of P j , P a , and F sum to 1, as they should (de Kroon et al. 1986 , Mesterton-Gibbons 1993 . Finally, we point out that (Fig.  4) , as well as sensitivity and elasticity of to changes in P j , P a , and F calculated from Eq. 17, will be identical to those obtained based on Eq. 8 when X ϭ 0 and Y ϭ 0; sensitivity (and elasticity) of to changes in ␣ and calculated from the two models may differ because of the differences in the definition of ␣ and .
EXAMPLES
To illustrate the use of the partial life-cycle model presented here, we calculated the population growth rate and elasticities using life-table data for rice rats (Oryzomys capito [Flemming 1971]) , spiny rats (Proechimys semispinosus [Flemming 1971 ]), Belding's ground squirrels (Spermophilus columbianus [Sherman and Morton 1984] ), gray squirrels (Sciurus carolinensis [Barkalow et al. 1970] ), yellow-bellied marmots (Marmota flaviventris [Schwartz et al. 1998 ]), forest musk deer (Moschus berezovskii [Yang et al. 1990 [Knight and Eberhardt 1985] ). For each life table, parameters for the age-classified matrix model were estimated using the post-breeding census formulation of Caswell (1989a) . Parameters for the partial life-cycle model were then estimated from the age-classified matrix using the methods outlined above.
For each life table, the population growth rate and elasticities were calculated using both the age-classified as well as the partial life-cycle models. We followed Caswell (1989a) for the calculation of population growth rate and the elasticities using the ageclassified matrix model. The elasticity of (the asymptotic population growth rate) to changes in F (the age-independent fertility rate), P j (juvenile or prereproductive survival probability), and P a (adult survival probability) were calculated from the elasticity matrix (calculated from the age-classified model) using Eqs. 9-11. We used methods described above to calculate the population growth rate and elasticities using our partial life-cycle model (Eq. 8).
Results are presented in Table 1 . Because age-classified models make maximum use of the age-specific demographic data, results of an age-classified model can be used as a standard to evaluate the accuracy of the partial life-cycle model. The population growth rates for most life tables calculated using the partial life-cycle model were within 2% of those obtained from the corresponding age-classified matrix models (Table 1) . Likewise, the elasticity of to changes in F , P j , and P a calculated using the two methods resembled closely for most life tables. Because sensitivities and elasticities are used as a measure of the relative importance of life-history variables to the population growth rate (Caswell 1989a , Horvitz et al. 1997 , de Kroon et al. 2000 , the relative magnitude, not actual values, of elasticities are of primary interest. Although actual values of elasticities calculated from the partial life-cycle model and the age-classified model differed to some extent for some life tables, in no case did the relative magnitude of elasticities for F , P j , and P a differ between the two methods (Table 1) . These results suggest that the methods for the parameterization of the partial lifecycle model presented above are adequate.
DISCUSSION
The timing of a census relative to the birth pulse has important consequences to the construction and analysis of birth-pulse population models. Although partial life-cycle models appropriate for pre-breeding census data have been published (Caswell 1989a , Slade et al. 1998 ), we are not aware of the publication of partial life-cycle models appropriate for analyzing post-breeding census data. In this paper, we have presented a partial life-cycle model appropriate for analyzing such data. Our partial life-cycle model has several desirable properties. First, this model was formulated specifically for analyzing demographic data collected from postbreeding censuses. Second, ␣ and (age at first and last reproduction, respectively) explicitly appear as parameters in the model, and the sensitivity of (the asymptotic population growth rates) to perturbations in these life-history variables can be calculated for all positive values of ␣. Third, the life cycle of organisms with any age structure can be modeled using five parameters-␣, , P j , P a (juvenile and adult survival probabilities, respectively), and F (age-independent mean fertility rates). Finally, the dynamical properties of the age-classified model are generally retained in the partial life-cycle model when model parameters are estimated appropriately (Table 1) .
Several studies have suggested that the age at which reproduction begins is an important life-history variable, and that the sensitivity of population growth rate to changes in age at first reproduction (i.e., ‫)␣ץ/␣‬ has substantial ecological as well as evolutionary consequences (Cole 1954 , Lewontin 1965 , Levin et al. 1996 , Tkadlec and Zejda 1998 , Oli 1999b , Oli and Dobson 1999 . The population growth rate as defined in Eq. 8 has a natural interpretation only for integer-valued ␣ and ; consequently the interpretation of the sensitivity and elasticity of to changes in ␣ and is not obvious. The definition of in Eq. 17 is more complicated but it does allow fractional values of ␣ and , and the interpretation of the sensitivity and elasticity of to changes in ␣ and based on Eq. 17 is straightforward. The fact that both models give similar results (Fig. 4) justifies to some extent the use of the simpler model as defined in Eq. 8.
Ideally, results of the partial life-cycle model should resemble those obtained from the age-classified matrix model. A close correspondence between results of the partial life-cycle model and those of the age-classified matrix model (Table 1) suggests that approximations in Eqs. 12-14 are adequate for the parameterization of our partial life-cycle model. Population growth rates calculated from our partial lifecycle model were identical to those obtained from the age-classified model for the Belding's ground squirrel and forest musk deer populations. Growth rates calculated from the two methods differed by Յ2% for all populations except waterbuck (Table 1) . These differences arise because approximations in Eqs. 12-14 depend on the structure of a transition matrix corresponding to a partial life cycle graph. Nevertheless, we found that these approximations provided consistently best results.
Our partial life-cycle model and the Caswell-Slade model (see Introduction), although conceptually similar, differ in some important aspects. Our partial lifecycle model is formulated specifically for post-breeding census situations, and also allows fractional values of ␣ and . In post-breeding censuses, neonates are counted soon after they are born; therefore, ␣ time units are required to reach age ␣. Consequently, P j appears ␣ times in a transition matrix corresponding to a post-breeding census partial life-cycle diagram. In contrast, the Caswell-Slade model results from a transition matrix corresponding to a pre-breeding census partial life-cycle diagram. Neonates are nearly one time unit old when they are first counted if censuses are taken just before the birth pulse. Consequently, P j appears ␣ Ϫ 1 times in the Caswell-Slade model (as opposed to ␣ times in our model); when ␣ ϭ 1, P j disappears from the model, causing the sensitivity of to changes in P j to be zero (Appendix A). Also, transition-matrix parameters are estimated differently from life-table data collected from pre-and postbreeding censuses (Caswell 1989a) . As a result, transition matrices parameterized with pre-and postbreeding census data differ structurally, and these differences are easily seen when age-specific parameters are replaced by partial life-cycle approximations (see The model, above). These differences between preand post-breeding transition matrices cause our model to differ from the Caswell-Slade model. We note, however, that the Caswell-Slade model is mathematically correct (but see Appendix A), and is perfectly suitable for the analysis of pre-breeding census data.
As noted above, parameters for age-classified matrix models are estimated differently from life-table data depending on the timing of a census relative to the birth pulse (Caswell 1989a) . Because partial lifecycle models are best parameterized from age-classified models, it is important to know when demographic data are collected relative to the birth pulse, and use a model most appropriate for the data at hand. If demographic data are collected from post-breeding censuses, as is the case for most published mammalian life tables (Oli 1999a) , our partial life-cycle model should be used. For pre-breeding census data, however, the Caswell-Slade model (our Eq. A.2) is appropriate. In both cases, parameters for age-classified matrix models, from which the partial life-cycle model is parameterized, should be estimated using the appropriate formulation of Caswell (1989a) . This approach will generally retain dynamical properties of the age-classified matrix model, while allowing the calculation of the sensitivity of to changes in ␣ and . However, when only incomplete demographic data are available, or when it is not possible to determine when the data were collected relative to the birth pulse, we recommend the use of our partial life-cycle model because it allows calculation of the sensitivity of the population growth rate to model parameters for all positive values of ␣ and .
Age-specific demographic data are difficult to collect, and collection of such data often is time and resource intensive. For endangered or rare species, age-specific demographic data are rarely available, and conservation biologists often have to rely on partial demographic data (Slade et al. 1998 ). The partial life-cycle model presented here allows demographic analyses based on incomplete demographic data, and is particularly appropriate for data collected immediately after the birth pulse. The development of our model was motivated by our need for a model that could be parameterized with partial demographic data collected from post-breeding censuses, and allows calculation of the sensitivity of population growth rate to demographic parameters for all positive values of ␣. The partial life-cycle model presented here satisfies our needs, and hopefully those of other researchers. Finally, although our model was derived specifically for birth-pulse populations, it can also be used to analyze the dynamics of birth-flow populations if an age-classified matrix model is parameterized using birth-flow formulation of Caswell (1989a) , and the partial life-cycle model is parameterized from the age-classified Leslie matrix as described above. 
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APPENDIX B
Formulas for calculating the sensitivity of (the asymptotic population growth rate) to changes in a demographic variable p(‫ץ‬ /‫ץ‬p). Partial derivatives are calculated by implicit differentiation of Eq. 8. In the following equations, a ϭ 1 ϩ ␣, b ϭ 1 ϩ , c ϭ ␣ ϩ , and d ϭ Ϫ ␣, where ␣ ϭ age at first reproduction, ϭ age at last reproduction. ϪF(Ϫ P P ␣ ϩ P P ϩ P P ␣ Ϫ P P Ϫ P P ␣ ϩ P P ␣) ‫ץ‬ 
F F ␣P P Ϫ FP ␣P Ϫ FP P ϩ F␣P P ϩ FP P Ϫ FP P Ϫ FP P ϩ P P where ␣ is the age at first reproduction, is the age at last reproduction, P 1 is the probability of survival to the age at first reproduction, P a is the adult survival rate per time unit, and F is the fertility per time unit. (Note that there is a typing error in Caswell's Eq. 5.68; '''' in that equation should be replaced by '' ϩ 1''.) Since P a and F are measured in per time unit basis, it is necessary to convert P 1 so that all variables are on per time unit basis. Let P j be the juvenile survival rate per time unit. An appropriate power of P j to replace P 1 in Eq. 5.68 of Caswell (1989a) must satisfy two conditions:
(1) the real root of the characteristic equation (Eq. 5.68) must equal the dominant eigenvalue of the corresponding transition matrix, and (2) elasticity of F, P j , and P a calculated from Eq. 5.68 of Caswell (1989a) must sum to 1 (de Kroon et al. [1986] and Mesterton-Gibbons [1993] explain why this is so). These two conditions are satisfied if and only if P 1 in Eq. 5.68 of Caswell (1989a) is replaced by P j
␣Ϫ1
. When organisms in the first age class reproduce (e.g., Slade and Balph 1974 , Sherman and Morton 1984 , Zammuto 1987 , Luo and Fox 1990 , Cully 1997 , ␣ equals 1 and Eq. A.3 becomes: Thus, when organisms in the first age class reproduce, the sensitivity of to changes in P j calculated from the CaswellSlade model is zero.
